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Abstract. Review of the probability representation of quantum mechanics and the 
symplectic tomography approach are presented. The examples of Gaussian states 
of nanoelectric circuit, Josephson junction, and two interacting high-quality resonant 
circuits are considered. The Shannon entropy, quantum information, fidelity, and purity 
of quantum states in the tomographic representation of quantum mechanics are studied. 
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1. Introduction 

Recently the theoretical aspects of the dynamical Casimir effect were intensively studied 
(see, e.g. [lH3]. The experimental results on the dynamical Casimir effect were 
obtained in |4j. The important ingredient of this investigation is the consideration 
of the effects related to the behaviour of nonstationary quantum oscillators. The 
oscillators can be realized by electric circuits or Josephson junctions with time-varying 
parameters [514T0]. The squeezing and other quantum properties of such devices were 
discussed in [5l[6|[8t fTlHT3] . The quantum states of the devices can be associated with 
tomographic probability distributions (tomograms) considered for the oscillators, e.g., 
in [MKIS]. Since the quantum tomograms are the fair probability distributions, one can 
introduce such characteristics of the quantum states as tomographic Shannon entropy 
and information (see e.g. [T614T8] ). 

The aim of this work is to consider the application of the tomographic approach 
to the problem of circuits and Josephson junctions. We obtain an explicit form of the 
ground state tomogram for two interacting high-quality resonant circuits as well as their 
tomographic entropy and the Shannon information expressed in terms of the quantum 
tomograms. For the Josephson junction modeled by a resonant circuit, we obtain the 
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tomogram of a ground-like Gaussian state excited due to the time dependence of the 
critical current. 

The paper is organized as follows. 

In the first section, we discuss a quantum resonant circuit in the probability 
representation of quantum mechanics. In the second section, we consider the Josephson 
junction modeled by resonant circuit with time-dependent parameters, discuss the 
quantum tomogram of its Gaussian state and an analog of the nonstationary Casimir 
effect in this system. In the third section, we discuss two high-quality interacting resonant 
circuits and obtain the symplectic tomogram of their Gaussian state. 

2. Quantum resonant circuit 

Following [5l[T9], we present a short review of high-quality resonant circuits with 
inductance L and capacity C in the tomographic-probability representation of quantum 
mechanics. The resonant circuit must be considered as the quantum one, if the energy 
of thermal fluctuations is smaller then the energy of vibration quanta hu > kT, where T 
is the temperature and k is the Boltzmann constant. For example, if the wavelength is 
~1 cm and the temperature is lower than 1.4 K, the resonant circuit must be considered 
as a quantum object. The Hamiltonian of the resonant circuit is of the form (see, e.g., |5]) 



current in the circuit. The commutation relation for the operators of charge and current 
is of the form 



the plasma frequency. 

In [15], the probability representation of quantum mechanics was introduced and 
applied for considering the photon states. It was shown that the quantum state can 
be determined by the symplectic tomogram, which is expressed through the Wigner 
function of the state. Applying usual symplectic-tomography-scheme procedure [15] 
to the problem of quantum circuit and following [19], we consider the general linear 
combination of the current and voltage 




(1) 



where Q is an operator of charge on the plates of a capacitor and / is an operator of the 




J = — A 



(3) 
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where J is the operator of current, V is the operator of voltage, n and u are real 
numbers, which label the reference frame in the current- volt age space (/, V) of the 
system, = \/huj/ L and uq = ^jTi/uLC^ are the amplitudes of vacuum fluctuations 
of current and voltage. Thus, in our approach, the current and voltage are considered 
as analogs of the photon quadrature components. The linear combination (|3]) is an 
analog of the photon homodyne quadrature. We assume that the current and voltage 
are dimensionless ones. The state of the resonant circuit can be determined by the 
symplectic tomogram, which is a function of the observable J and additional variables 
/i and v and is expressed through the Wigner function [20] as follows [19]: 



w (J, /i, z/) = — / W{I, V)5{J -fxl- vV) dl dV. (4) 
2n J 

The symplectic tomogram is normalized and nonnegative and has all the properties of the 
standard probability distribution function. For example, the tomogram of the resonant- 
circuit ground state is given by normal distribution of the variable J with the dispersion 
determined by the parameters /x and u, 

1 / J2 

Wo{J, fi, u) = = exp 



The information contained in tomogram w [J, fi, v) is overcomplete. For // = cos^^ and 
V = sin 6, where 6 is the rotation angle of the axis in the (J, V) plane, the symplectic 
tomogram is analogous to the optical tomogram introduced in [21] and measured in [22] 
where the experiment on reconstructing the photon Wigner function was performed. 

The Wigner function can be reconstructed from the symplectic tomogram, in view 
of the inverse Radon transform, 

W{I, V) = — w{J, fi, u) exp [-i {fil + uV - J)] dfi du dJ. (5) 
2n J 

The density operator also can be reconstructed from the symplectic tomogram 

p = — [ w{J,fi,u)e'^-^-''^-'^Ujdfidu. 
2n J 

Here we adopted the formula employed in quantum optics [23]. Due to the fact that 
the symplectic tomogram is the probability distribution function, one can introduce 
entropy and information following the Shannon prescription. The entropies associated 
with different types of tomograms were discussed in p!6 | fT71[2lH27] and were named 
the probability-representation entropies. The tomographic entropy, associated with the 
resonant- circuit state and determined by the symplectic tomogram, reads 

S{p,v) = — j w{J, ix,h')\io.w{J, dJ. (6) 
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The tomographic entropy is a function of additional parameters which label a reference 
frame in the (J, V) space. 

Such known quantities as the fidelity and purity also can be calculated for the 
resonant- circuit state, in view of the state symplectic tomogram following [28] . Using 
the connection of the density operator of the resonant-circuit state and its symplectic 
tomogram, we obtain for the fidelity 

F = Tr(pip2) = 77- / wi{Ji,fii,ui)w2{J2,-fJ'i,-i^i) 

ZlT J 

X exp (i( Ji + J2)) dJi dJ2 dfii dfi2 dvi dh'2, (7) 

where pi and p2 are the density operators and wi( Ji, pi, z/i) and W2(</2, — /Wi, — J^i) are 
the tomograms associated with the first and second states of the resonant circuit, 
respectively. 

The purity of the resonant-circuit state, which we denote P, reads 

P = Tr (p^) = J u){Ji, pi, Ui)w{J2, -pi, -z/i) exp [i{Ji + J2)] dJi dJ2 rfpi (ip2 dui dv2- 

(8) 

The formula for purity written in terms of measurable optical tomograms (using the 
expression of symplectic tomogram in terms of the optical tomogram) [281129] was used 
in the experiments [30] on homodyne detection of some photon states. 

For the fidelity and purity of quantum states of real physical resonant circuit, we 
have the inequalities 

0<^ I Wi{Ji, fii,h'i)w2{J2,-fJ'i,-^i) exp{i{Ji + J2)) dJid J2dfiidfi2duidu2 < ^, (9) 
Ztt J 

0< — / w{Ji, fii, i'i)w{J2, —fii, —I'l) eyip {i{Ji + J2)) dJi dJ2dfii d^2di'i diy2 < 1. (10) 
2vr J 

The tomograms associated with the states of a real physical resonant circuit must satisfy 
the inequality, which is the nonnegativity condition of the density operator, 

J w{J, jj, v) exp ^i(ji — pJ — vQ)^ dJ d^dv > 0. (11) 

The obtained expressions for fidelities and purities are given in terms of measurable 
tomographic probability distributions. They can be applied for checking the 
quantumness of the states in experiments which are analogs of the homodyne detection 
of photon states. The Josephson-junction realization of circuit QED can be used to 
study quantum properties of the circuits. 
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3. Parametric Josephson junction 

As an application of our model we discussed above, we consider such object as the 
Josephson junction. The Josephson junction at zero temperature is described by the 
Hamiltonian [3T||32] 

where C is the capacitance of the junction, is the critical current, Q is the charge 
operator, is the phase operator, Ik{t) is the external classical current, e is the electron 
charge, and h is the Planck constant. 

Now we consider the Josephson junction in the domain of small phases. Also we 
assume that the shot noise is smaller than the quantum fluctuations, 6Q ^ 2e. This 
means that we have the following condition for the critical current and capacity of the 
Josephson junction: 

IcC^^r^ 10-21$A. (13) 

Under the condition ( |T3l) . the term 1 — cos0 in the Hamiltonian ( |T2|) can be replaced 
by the quadratic expression 0^/2. So instead of the Hamiltonian f lT2|) we obtain the 
Hamiltonian of a driven resonance circuit 

^=2C^^e 2^- ^^^^ 

The commutation relation for the charge and phase operators reads 

[0,Q] = 2ze, (15) 

that provides the following commutation relation for the current / = — /c0 and voltage 
V = Q/C operators: 

[J, V] = ihio^ (16) 

where 

u = {2eIJhCf'^ (17) 

is the plasma frequency of the junction. If the parameters (critical current or capacity) 
of the junction are dependent on time, then the plasma frequency is also the function 
of time, and so the Josephson junction is acted by a parametric excitation. Below we 
assume such the units that provide all the variables like the current and voltage to 
be dimensionless. The Josephson-junction Gaussian state can be determined by the 
tomogram 
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where the dispersion of the observable is expressed through the dispersions of the current 
and vohage as follows: 

aj{t) = f/ai2{t) + z/Vv2(t) + 2^uaiv{t), (19) 
and the dispersions of the current and voltage are 

apit) = |e(t)|V2, av2{t) = |e(t)|V2, ajv = \/(Ji2(Jv2 - 1/4. (20) 
The function e(t) in fl20|) satisfies the equation 

e(t) +w'(t)e(t) = 0, (21) 

with additional condition 

ee*-e*e = 2i, (22) 

where the time- dependent frequency in Eq. f l2T|) is given by f|T7|) with the time- dependent 
critical current. The mean values of observable J is 

J = -72 [/x(Re (5e*) + z/Re (5e*)] , 

where function bit) is 

5(t) = --^^*4(r)6(r)rfr. 

In such a system, an analog of the well-known Casimir effect can exist. The Casimir 
force is an attraction force which exists between two noncharged plates without photons 
between them. The Casimir force exists due to the dependence of the electromagnetic- 
field vacuum energy on the geometry of the system. The vacuum energy depends on the 
parameters of the system. This means, that the forces exist which try to minimize the 
vacuum energy. In the parametric case where the system has time- dependent parameters, 
the nonstationary Casimir effect appears. The energy of external mechanical source 
goes to reforming the vacuum energy, and the electromagnetic radiation appears [53] • 
In [6HT0]. it was suggested to use the parametric Josephson junction for obtaining an 
analog of the nonstationary Casimir effect. Due to nonstationary Casimir effect, there 
exists a possibility to obtain electric oscillations without connecting the junction with 
external electromagnetic sources due to changing the inductance or capacity of the 
junction. Applying the external energy, we change the critical current or capacity of 
the junction and obtain the energy of electric oscillations. So, the Josephson junction 
with varying parameters can be used as a quantum generator of current, as was suggested 
in [MO]. 

Nowadays, the discussions of analogous effects are known as the circuit quantum 
electrodynamics. These effects were studied, e.g., in [TlHT3| [M l l35]. 
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4. Two interacting resonant circuits 

In this section, we obtain an explicit form of tlie two-mode symplectic tomogram 
of the ground quantum state for two interacting resonant circuits. We also obtain 
new tomographic characteristics for this state such as the tomographic entropy and 
information. We consider two high-quality interacting resonant circuits with inductances 
Ln and capacities Cn- The Hamiltonian of the system is of the form 

where Qi and Q2 are the operator of charge on plates of the capacitor in the first 
and second circuits, Ji and I2 are operators of current in the first and second circuits, 
respectively, and L12 is the selfinductance. The commutation relations for operators of 
charges and currents read 

[Ji, Qi] = th/L, [12, Q2] = th/L, [A, Q2] = [/2, Qi] = 0. (24) 

For operators of voltage on the plates of capacitors Vi = Qi/C and V2 = Q2/C, one has 
the commutation relations with operators of currents [Ji, Vi] = [12, V2] = i'hu'^, where u 
is the plasma frequency. Introducing the new variables 



we obtain the Hamiltonian fl23ll in the form 



2 +2C+ 2 +2C' ^^^^ 

where = L + L12 and = L — L12. The frequencies of oscillations of two 
noninteracting resonant circuits with the Hamiltonian (125|) are Wg = uj^^/L/Lg and 
Wk = ui\jL/Lk, and new amplitudes of the vacuum fluctuations read 



Ik 



^Jhu/Lk, Qk = ^/h/uLk, is = ^/hu/L, Qs = ^/hJuL's. 



The system of two interacting high-quality resonant circuits can also be considered 
within the framework of symplectic-tomography scheme [15]. Below in this section and 
Appendix, we assume the current, charge, and voltage to be dimensionless. We introduce 
the general linear combinations of currents and charges as follows: 

Ji = fiJi + uiQi, J2 = fi2l2 + 1^2(^2, (26) 



where ni, ^2, 1^1, and z/2 are real numbers, which label a reference frame in the currents- 
charge space (Ji, I2, Qi, Q2) of the system. 
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The state of the system of two resonant circuits can also be determined by symplectic 
tomogram, which is the function of observables Ji and J2 and additional variables /ii, 
fi2, Vii and z/2. For example, the symplectic tomogram of the system Gaussian state is 



w(Ji,J2,/ii,/i2, 2^1,2^2) = ,] , , exp (-\i(y ^(t)j) 

iTTA/det cr(t) V / 



(27) 



where components of the vector J are observables Ji and J2 and the dispersion matrix 
ait) 



are expressed through the dispersion of current and charge in the form 
o-JiJi = fJ'icri^it) + iyiaQ2{t) + 2iJ,iUiai^Q^{t), 

C^J2 J2 = /^2f^7| {t) + U2(rQl (t) + 2fi2J^2Cri2Q2 (t), (28) 
^JiJ2 = f^l'^2Cri,Q2{t) + fl2l^l(ri2Q,{t) + /il^2C^/i/2(^) + 2^l2^2fTQiQ2(i)- 

Explicit expressions for the current-charge dispersion-matrix elements are given in 
Appendix by formulae fl3T|) - flM|) . 

Due to the fact that the symplectic tomogram is the probability distribution 
function, following the Shannon prescription, we can associate the tomographic 
entropy [16] with the state of two interacting circuits described by the tomogram in 
the probability representation of quantum mechanics as follows: 



S'(yUi,/i2, z^i, 1^2) = - J uj{Ji, J2,/ii,/i2, 1^1, 1^2) lnw(Ji, J2,/ii,/i2, 1^1, 1^2) dJi dJ2. (29) 
Also we can introduce the tomographic information associates with the system state 

T f (1 1 M r w{Ji,J2,IJ,l,H2,T^l,J^2) 1 ,T ,T /gn^ 

X= / w(Ji, J2,/ii,Ai2,'^i,'^2)ln — T- r — T- dJidJ2, (30) 

J \-Wi{Ji, Hi,Ui)W2{J2, IJ'2,J^2)^ 



where 



Wl( Jl, /il, Ui,) = j w{Ji, J2, /il, /i2, 1^1, 1^2) dJ2, 
W2{J2, /i2, 1^2) = j w{Ji, J2, /il, /i2, J^l, V2) dJl. 



Thus, we got two tomographic characteristics of two circuit states describing the 
degree of quantum correlations in the system state, such as entropy and information. 
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5. Conclusions 

Concluding, we point out the main results of our study. 

We reviewed the notion of quantum state in the symplectic tomography approach 
on the examples of two interacting high-quality circuits and Josephson junctions and 
discussed an analog of the nonstationary Casimir effect in the Josephson junction. 
We presented the entropy, information, fidelity, and purity of the circuit states in the 
tomographic-probability representation. For the Gaussian state of the resonant circuit, 
we introduced the tomographic entropy and expressed the entropy in terms of the 
symplectic tomogram of the resonant-circuit state. For two different quantum resonant 
circuit states, we obtained the expression for fidelity in terms of symplectic tomograms of 
these states. Particulary, we got the expression for purity of the resonant circuit state in 
terms of symplectic tomograms. We got inequalities which determine the quantumness 
of the circuit states. For the system of two high-quality interacting resonant circuits, we 
introduced the tomographic entropy and tomographic information. 
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Appendix 

Assuming dimensionless variables ujk and uus and a; = 1, we calculate matrix elements of 
the dispersion matrix 

<^Q?(^) = I [4^Q?(0) + cVQi(O) + klaqiO) + A;V,|(0) + 2{k+k.ai,iM + c+k+ai,Q,{0) 
+c+c_(7QiQ2(0) + A;-c_(7/2Q2(0) + A;-c_(7Qi72(0) + k+c-ai,Q^{0))] , 

^Qi(^) = \ [c2-^Q?(0) + 4^Qi(0) + k'.ai^iO) + fc+tT,|(0) + 2{k+k.ai,iM + C-A:-(77,q,(0) 
+c+C-aQ^Q^{0) + k-C+ai,Q,{0) + k+C-aQj,^{0) - k+c+ai^Q^{0))], (31) 
W = \ [c_c+ ((7q2(0) + (7q2(0)) + k^k+{ai2{0) + (7,2(0)) + {kl + kl)aj,iM 

+{c_k+ + k^c+){ai,Q,{0) + ai.qM) + « + cl)aQ,QM 
+(k_c^ + k+c+) {ai.QM + aQ,i,(0))] . 
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The dispersions of currents after interaction read 

W = \ [4^0? (0) + ^Qi(O) + + C-f7/|(0) + 2(c+c_a/,72(0) - c+s+ct/,q 

+s+s_ag,Q2(0) - s_c_ai^Q^{0) - s+c_aQ^i^{0) - c+s_ai^Q^{0))], 

^lii^) = \ i^-^Qli^) + 4<^Qi(0) + C-(T,2(0) + 4(7,2 (0) + 2(c+C_(7j,,,(0) - C_S_(7j,Q 

+s+s_(TqiQ2(0) - c_s+ai,Q^{0) - s_c+(7qi72(0) - s+c+ai^Q^{0))], 

^hhit) = \ [s_s+(aQ2(0) + aQ2(0)) + c_c+ (a,2(0) + a,2(0)) + (4 + c2_)a,,/,(0) 

-(c_s+ + s_c+)(a7,Q,(0) + C772Q2(0)) + (4 + sV)(Tq^qM 

+ (S_C_ + S+C+)((77,Q2(0) + (7Qi72(0))] . 

The covariances are 

f^/iQi(^) = ^ [ ~ c+s+(Tq2(0) - s_c_ctq2(0) + c+fc+(Tj2(0) + c_A;_(Tj2(0) 
-(c_s+ + s_c+)aQiQ2(0) + (c_/c+ + c+A;_) (7/1/2(0) + {c\ - k+s+)ai^Q^{^) 
+ {cl_ - s_k_)ai^Q^{0) + (c+c_ - k_s+)aQ^i^{0) + (c+c_ - s_A;+)(T7iQ2(0)] , 

(^i2Q2i't) = 4 [ ~ c_s_(7q2(0) - s+c+(7q2(0) + c_A;_(7/2(0) + c+A;+(7/2(0) 
-(c+s_ + s+c_)(7qiQ2(0) + (c_A;+ + c+k^)ai^i^{0) + (c^ - A;_s_)(77iQi(0) 
+(4 - s+k+)ai^Q^(0) + (c+c_ - k+S-)aQ,i^{0) + (c+c_ - s+k-)ai,Q^{0)] , 

(^hQiit) ^\[- c+s_(7q2(0) - s+c_(7q2(0) + c_/i;+(7/2(0) + c+/i;-(7/2(0) 
-(c+s+ + s_c_)(7qiQ2(0) + {c+k+ + c_A;_) (7/1 72(0) + (c+c_ - k+s^)ai^Q^{0) 
+(c+c_ - s+A;_) (772^2(0) + (c+ - A;_s_)(7Qi72(0) + (c^ - s+A;+)(77iQ2(0)] , 

f^/iQ2(^) = 4 [ ~ c_6+aQ2(0) - s_c+aQ2(0) + c+k^ai2{0) + c_A;+(772 ( 0) 
-(c+s+ + s_c_)aQiQ2(0) + (c+A;+ + c_A;_)a7i72(0) + (c+c_ - A;_s+)a7iQi(0) 
+ (c+c_ - s_A;+)c772Q2(0) + (c?_ - k+s+)aQ,i^{0) + (4 - S-^-)o-/iQ2(0)] , 
where 

sino'fct sincj^t 

c± — cos UJkt ± cos ujst, k± — ± , s± — sm uJktuJk ± smoUstoUs- 
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